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We will prove that if A and B are subsets of the real line, each having positive 
outer Lebesgue measure, then A + B, the set of all numbers a + b with a E A and 
b E B, is “full,” in the sense of outer Lebesgue measure, in some interval K. This 
result is related to theorems of Steinhaus and Smital. 0 1987 Academic Press, Inc. 
A classical theorem in measure theory, due to Steinhaus [8], states that 
if A and B are Lebesgue measurable subsets of the real line, each having 
positive measure, then the set 
contains a nonempty interval. 
It follows from a theorem of Sander [7] that this result can be extended. 
Namely, if A, Bc R (the real line), A is a Lebesgue measurable and 
m(A) > 0, c(B) > 0 then A + B contains a nonempty interval. Here m and 
rR denote Lebesgue measure and outer Lebesgue measure respectively. 
A straightforward and elementary proof of this result can be found in [2]. 
The last mentioned result can not be extended, i.e., there exist sets 
A, B c R, such that m(A) > 0 and m(B) > 0 and such that A + B contains 
no interval. To see this consider the set 
where H = {a, b, c,...} is a Hamel basis for the reals (over the rationals) and 
(H\(u)) is the vector subspace (of co-dimension one) generated by 
H\(u). If we set A = B = C, then clearly A + B contains no interval. Also 
(see Cl]), r$A)=fi(B)=fi(C)= 1. 
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The following result, often called Smital’s lemma in the literature [3], 
has a wide range of applications. 
SM~TAL'S LEMMA. If A, Bc R, m(A) >O and B is dense in R, then for 
every interval Z, 
ti((A + B) n I) = m(I). 
It is easy to extend Smital’s lemma to the following. 
EXTENSION OF SM~TAL'S LEMMA. If A, Bc R, m(A)>0 and B is dense in 
some interval, then there exists an interval I such that 
rii( (A + B) n I) = m(Z). 
The purpose of this paper is to investigate what we can say about the set 
A + B, if A, B c R with fi(A) > 0 and ti(B) > 0. Note that it is possible for 
both A and B to be nowhere dense and to contain no measurable subsets 
of positive measure. To see this suppose that h4 is a “Cantor-like” set of 
positive measure [6, p. 631 and N is a Bernstein set [S, p. 24). Then either 
MnN or MnN’, where N’ = R\N, 
is a nowhere dense, nonmeasurable subset of R, containing no measurable 
subsets of positive measure (see [S, p. 241). Call the set with these proper- 
ties Cand set A=B=C. 
Therefore, in this case (M(A) > 0 and Fr( B) > 0), none of the results we 
have listed are applicable. 
We will show that if @A) > 0 and m(B) > 0 then there exists an interval 
K such that fi((A + B) n K) = m(K). It is convenient to first prove two 
lemmas. 
LEMMA 1. If I and J are open intervals, 0 < E < 1 and 
(1) &(AnI)>(l-&/2)m(Z) and 
(2) ti(BnJ)>(l-~/2)m(J), then 
(3) fi((A+B)n(Z+J))>(l-e)m(Z+J). 
ProoJ: Suppose Z= (a, b), J= (c, d), and I, 2 i2, where I, = b - a, 
Z,=d-c. Clearly Z+J=(a+c,b+d). Let J’=(c,c+~.2-~1J and J”= 
(d-&.2-‘f,,d). By (2) there exist x,y with XEJ’~B and yEJ”nB. By 
(1) we have 
(4) ti((A+B)n(a+x,b+x))>(l-&/2)ZI. 
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Therefore 
which implies (by (1)) that 
(5) fi((A+B)n(b+x,b+d)) 
>b-(b+x-(d-&.2Pz*))-&~2-111 
>d-x-E.2-112-&.2~11,. 
(4) and (5) taken together imply that 
(6) ~~((A+B)~(Z+J))>(~--E)Z~+(~-EE)Z~, 
completing the proof. 
Suppose now that A, Bc R and that @r(A) >O and m(B) >O. Let A, 
denote the set of density points of A and let Bd denote the set of density 
points of B. Almost all points of A are in Ad and almost all points of B are 
in B, [4, p. 2901 and therefore Ad and B, are nonempty sets. Let UE Ad 
and b E Bd. There exists a positive number h such that for Z= (a - h, a + h), 
J=(b-h, b+h) we have 
Fz(AnZ)>lh 
and 
fi( B n J) > $h. 
For each x E A,n Z there exists a sequence of open intervals (Zn,X};C2, 
each centered at x, satisfying: 
Lx = 4 Wn,x) < l/n, and @A n L,,) > (1 - l/n) W,,J. 
Similarly, for each y E B, n J there exists a sequence of open intervals 
{J”,YP&~ each centered at y, satisfying: Jn,y c J, m(J,,,) < l/n and 
fi(Bn J,,,) > Cl- l/n) NJ,,,). 
LEMMA 2. For each N, N >, 2, the collection of intervals 
8,={Z,,,+J,,,:(x,y)~(A,nZ)x(B,nJ)andn,m~N) 
covers K = (a + b - h/4, a + b + h/4) in the sense of Vitali. 
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Proof: Let the natural number N, N3 2, be given. Suppose that M is 
natural number and that A43 N. Clearly the collection of intervals zM = 
L: x E A,n Z and n 2 M) covers Ad n Z in the sense of Vitali and the 
collection of intervals 
covers B,n J in the sense of Vitali. Since almost all points of A are density 
points of A [4, p. 2901 and almost all points of B are density points of B 
we have ti( A, n I) > ih and fi( B, n J) > 2h. 
Therefore, by the Vitali Covering Theorem [4, p. 2721, there exists a 
pairwise disjoint collection of intervals 
z z ?l,,X,’ n&q’“” z n,,x, from rM 
and a pairwise disjoint collection of intervals 
such that 
J J m,, Y, 2 w, y2 )-..) J 9. YJ from rb 
and 
Let 
BM = i, 1nk.q and Kw= fi Jmk,,w 
k=l k=l 
Then B, c Z, B’, c J, and m(B,) > $h, m(B’,) > sh. 
Let XE K and consider B, n (x- Bb). Both B,,., and x - Bh are 
measurable sets and both are contained in the interval (a- sh, a + $h) 
which has measure $h. However, m(B,) + m(x - Bh) > 3h and therefore 
m(B,n(x-Bh))>O. 
This implies that B,,, n (x - Bh) # 0. Therefore there exist 6’ E B, and 
a’ E BL with b’ = x - a’. Hence, x = b’ + a’. Therefore x E I,,+, + J,,,,, y, for 
some s and t with 1 < s < i and 1 < t < j. Since m(Z,9,X, + J,,,,, ,,) < 2/M and 
M is arbitrary it follows that 8, covers K in the sense of Vitali. 
We will now show that if A and B are subsets of R, each having positive 
outer Lebesgue measure, then A + B is “full,” in the sense of outer 
Lebesgue measure, in some interval K. 
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THEOREM. If C(A) > 0 and m(B) > 0, then there exists an open interval K 
such that fi((A + B) n K) = m(K). 
Proof. By Lemma 2, 8, covers the interval K= (a + b -h/4, 
a + b + h/4) in the sense of Vitali for each N, N 2 2. Therefore, given N 
(N >/ 2) the Vitali Covering Theorem [4, p. 2721 implies that there exist 
pairwise disjoint intervals H,, Hz,..., Hi from eN such that 
Of course we may assume that H,n K # @ for each j and that 
H,<H,< ... < Hi, where < is the relation lies to the left of. We therefore 
can conclude that 
fi((A+B)nK)> i fi((A+B)n(KnH,)>‘f’6z((A+B)nH,). 
j= 1 j=2 
Since Hi is in 0, it can be written in the form 
Hj = In,,,, + Jm,, y, > with Z,,+,E rN and J,,,,.E 5;. 
Therefore, for each j, m( H,) < 2/N. By Lemma 1 we have 
i- 1 i- 1 
c MA + B) n (L,,,,+ Jm,,y,N > c (1 -2/N) mV$). 
j=2 j=2 
Therefore 
fi((A+B)nK)>(l-2/N). m(H,)-m(H,)-m(Hi) 1 
This implies 
ti((A+ B)n K)> (1-2/N)(m(K)- l/N-2/N-2/N) 
Therefore 
for every N. 
rfz((A+B)nK)=m(K). 
REFERENCES 
1. A. ABIAN, The outer and inner measures of a nonmeasurable set, Boll. Un. Math. Ifal. 4 
(1970), 555-558. 
2. Z. KOMINEK AND H. I. MILLER, Some remarks on a theorem of Steinhaus, Glas. Mat., in 
press. 
409:124/l-3 
32 HARRY I. MILLER 
3. M. KUCZMA AND J. SMITAL, On measures connected with the Cauchy equation, 
Aequationes Math. 14 (1976), 421428. 
4. M. E. MUNROE, “Measure and Integration,” Addison-Wesley, Cambridge, Mass., 1953. 
5. J. OXTOBY, “Measure and Category,” Springer-Verlag, New York, 1970. 
6. H. ROYDEN, “Real Analysis,” Macmillan, New York, 1968. 
7. W. SANDER, “Verallgemeinerung eines satzes von H. Steinhaus,“Mnnuscripta Math. 18 
(1976) 25-42. 
8. H. Steinhaus, Sur les distances de points des ensembles de measure positive, Fund. Math. 1 
(1920) 93-104. 
